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Abstract 
Gabriel-Ulmer duality is generalized to categories enriched in bicategories. We define weighted 
limits in a W-category for a locally finitely presentable bicategory W, and prove that a W-category 
has weighted limits if and only if it has cotensors and conical limits, which are defined to agree 
with the familiar definitions for one-object symmetric W. We define cocompleteness by duality. 
and define the notions of strong generator and finitely presentable object. These are used to gen- 
eralize Gabriel-Ulmer duality. We also prove that these definitions and constructions agree with 
those given by regarding a W-category with finite tensors as a Wf-indexed category. @ 1999 
Elsevier Science B.V. All rights reserved. 
1991 Math. Subj Class.: 18A35; 18A40; 18D05; 18D20 
1. Introduction 
The computer scientist Tony Hoare has proposed a category theoretic approach to 
the study of data refinement in computation. That study has been and continues to 
be developed using algebraic structure, equivalently finitary monads, on a category 
enriched in a not necessarily symmetric monoidal biclosed category [8, 9, 1 I]. The 
particular monoidal biclosed category of interest to Hoare is that of small locally or- 
dered categories together with the Gray tensor product: its right and left internal horns 
give locally ordered functors and either lax or oplax transformations. 
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Thus, we require a study of algebraic structure on categories enriched in a monoidal 
biclosed category. The corresponding study in the symmetric case [7] is all based on 
a locally finitely presentable (lip) V-category, and all of Hoare’s examples are locally 
finitely presentable, but his enrichment is over a monoidal biclosed category that is not 
symmetric. So we need a study of lfp V-categories for monoidal biclosed V. 
However, the literature contains almost nothing about categories enriched in monoidal 
biclosed categories. But there are already definitions of W-category and related concepts 
for a biclosed bicategory W, and there are results at that level of generality (for in- 
stance, see [12]). Moreover, all our arguments work at least similarly well there as for 
the one-object case. In fact, some work better, in that there are fewer confusing coinci- 
dences than in the one-object case. So we express our general development in terms of 
Wcategories, and later write papers directed more to the original computing readership, 
with the special case spelt out. 
The current status of this project is that [2] contains a basic result that we need and 
have since used both here and in [3]. The paper at hand gives an elegant account of 
Gabriel-Ulmer duality, thus establishing a definitive definition of lfp W-category, which 
we need as the basis for [3]. It also enables extension of Hoare’s work if necessary, as 
probably will be the case, from algebraic to essentially algebraic structure. The paper 
[3] extends the relationship between algebraic structure and finitary monads to the case 
of emichment over W, on a lfp W-category. Then, [8] spells out the case of special 
interest to Hoare, that of monads on the category of small locally ordered categories, 
enriched over that category with the Gray tensor product. Finally, [9] is directly about 
data refinement. 
In this paper, we use the results of [2] to prove our main result. The new idea 
we introduce here is that we define the construction Lex(P T), and prove that it, to- 
gether with the construction of taking finitely presentable objects, which we also define, 
gives a biequivalence of 2-categories. We also give a new, natural definition of lfp 
W-category. There is a result called Gabriel-Ulmer duality in [2], but it is substan- 
tially different. The main result of [2] is that W-Cat, modulo a mild condition, can be 
fully faithfully embedded into a mild variant of the functor category [Wf, Cat]. As a 
corollary, ordinary Gabriel-Ulmer duality was used to deduce a biequivalence between 
objects defined to be lfp W-categories and objects called W-categories with finite co- 
limits: but a W-category was defined to be lfp if the corresponding object of a mild 
variant of [WY, Cat] was, in a reasonable sense, lfp. So that paper contains no definition 
of lfp W-category directly in terms of W-categories, and similarly for finite colimits. 
Moreover, it is not obvious how to express the construction of that paper directly in 
terms of W-categories either. 
Kelly’s paper [5] contains the special cases of our results, both in this paper and in 
[2], for the case of a one-object, symmetric W. There are serious problems in general- 
izing Kelly’s work. All of Kelly’s development of enriched categories has enrichment 
over a symmetric monoidal closed category. The central reason for this is that, if V is 
not symmetric, then there is no known way to define a functor V-category. However, 
Kelly’s work uses functor V-categories freely. In particular, his definition of weighted 
R. Gordon, A.J. Power1 Journal of Pure alld Applied Algebra 137 (1999) 29-48 31 
limit uses functor categories, and his definition of preservation of finite limits depends 
upon that. 
So for this paper we need to define limits, finite limits, their preservation, etc. There 
is already a notion of Yoneda structure PA [12], but nobody has ever seen the objects 
of PA as W-functors from the W-category A to a W-category resembling W. Another of 
the problems here is that, for symmetric V, V may be seen as a V-category, whereas 
that is not the case for W. 
There is a size problem too: if W is not small, then the notion of a small finitely 
complete W-category does not make sense. We explain this at length in the paper. It 
requires a new definition, that of pointwise small, then some effort to reconcile the 
notions of smallness and pointwise smallness. 
The paper is organized as follows. We define a notion of an enriched limit in a 
W-category, giving a simple direct generalization of the definition for one-object sym- 
metric W in Kelly’s monograph [6]. We then prove that a W-category has enriched 
limits if and only if it has cotensors and conical limits, both defined as natural gener- 
alizations of the definitions for symmetric one-object W in [6]. It is clear from Street’s 
paper [ 121 that his notion of completeness for a W-category agrees with ours. A treat- 
ment of limits and colimits appears in Section 4, with the previous sections providing 
the supporting definitions and results. Section 5 contains an account of flatness. 
We proceed in Section 6 to discuss finitely presentable objects in a W-category, 
strong generators, and density. That allows us to state and prove our main theo- 
rem, characterizing a lfp W-category as the category of models of a finite limit the- 
ory. We also prove our definitions are consistent with those of [2]. Finally, we de- 
duce the full statement of Gabriel-Ulmer duality as a biequivalence of 2-categories, 
and use the Gabriel-Ulmer duality of [2], together with Section 6, to deduce related 
results. 
We adopt the notation of [2], which in turn largely follows that of Street’s [ 121 with 
the exception that our W-Cat is his W ‘P-Cat. Most of the diagrams were made with 
Kris Rose’s and Ross Moore’s XY-pit. 
2. Locally finitely presentable bicategories 
We assume throughout that W is a bicategory with the horizontal composite of 
x:u++u and y:v+w denoted by y@x. We say W is closed if for all x:u+v and 
y : u + w, there is a universal diagram 
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We call W coclosed if W“P is closed, with coclosed structure, given x: v + u and 
y : w -+ 24, written as in 
and we call W biclosed when W is both closed and coclosed. 
Definition 2.1 (Gordon and Power [2, Dejinition 4.11). A biclosed bicategory W 
is lfp if for each U, v E Ob W the category W(u, v) is lfp, each identity arrow I,, is 
finitely presentable, and y @x is finitely presentable whenever x and y are finitely 
presentable. 
We denote the locally full subbicategory of W determined by the finitely presentable 
arrows by Wf, and we use the abbreviation lfp for the term locally finitely presentable. 
It is routine to verify that if W is lfp, then for all finitely presentable x, x m - and 
x! - preserve filtered colimits. 
Lemma 2.2. If W is lfp, then for any x, y : u -+ v, to give a 2-cell x 3 y is to give a 
family z m x + z m y of 2-cells, natural in z, where z ranges over Wf(u, v). 
Proof. Given a family (z m x JZ m Y)~~w/(~,~), a specific z E Wf(u, v), and a 2-cell 
ZJX, one has z@Z,+x; and hence Z,+zmx. So zN~@Z~+z@(z~x)+z@ 
(z m y)+ y, naturally in z. By density of Wf(u, v), we are done. 0 
Proposition 2.3. If W is Ifp, then for any x : u + v in W, 
x=cc~l)Z@(Zmx,. 
Proof. A cocone with components z @ (z m x) + y amounts to a family z fh x JZ m y 
natural in z, so to a 2-cell x + y, by Lemma 2.2. 0 
Corollary 2.4. If W is Ifp, given u -5 w Z- v, to give s * y mx is to give a family 
s*(zkl y)h (zmx) natural in z E Wf(u,w). 
Proof. To give the family is equally to give z @ (z m y) @ s JX. So, by Propo- 
sition 2.3, since - @s preserves colimits, y 8s +x. Equivalently, s + y m x. 0 
A W-category A consists of a set Ob A, a function e : ObA ---f Ob W, for each a, b E A 
an arrow A(a, b) : ea -+ eb, and 2-cells j= : Z, + A(a, a) and p&c : A(b, c) @ A(a, b) 
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=+ A(a, c) subject to the evident three coherence axioms. W-functors and W-natural 
transformations are defined in the evident way, giving a 2-category W-Cat. Recall that 
the criterion for W-naturality of n : f + y : A 4 A’ is commutativity of 
A(a,b) 2 A’(fa, fb) 
B I I A’(l,nb) 
A’(w gb) - A’(fa> &I. 
A’hl) 
This definition of W-Cat is not the same as Street’s definition [12]: our W-Cat is his 
W’r-Cat. The reason is ultimately that we prefer A(a,b) to go from ea to eb, whereas 
he used the opposite convention. 
For an object u of W, we denote by A, the category determined by those a such 
that ea = U, and we say that a lies over u. Any object u of W may be regarded 
as a one-object W-category itself, with horn given by Z, : u + u. If W is closed, we 
denote by W” the W-category for which an object over v is an arrow from u to v, 
and with WU(x, y) determined by closedness of W. Then W” is Street’s Pt U. For any 
W-category A and a E A,, there is an evident W-functor A(a, -) : A -+ W’. A W-functor 
is representable if it is W-naturally isomorphic to such A(a, -). 
Dually, if W is coclosed, we denote the W“P-category (W“P)’ by “W. With this 
notation, ‘W is Street’s (Pu)“P. Note that (W’)oP is not U W. Also, there is an evident 
2-isomorphism ( >“r : (W-Cat)CO + W“p-Cat, so we may speak of representable WOP- 
functors A(-,u):A”P-+~W. 
If W is biclosed, there is a bijection between adjunctions f -I g : A + B in W-Cat 
and isomorphisms A(fb,a) EB(b, ga) that are W’r-natural in b and W-natural in a. 
A W-functor g has a left adjoint if and only if B(b, g-) : A + WU is representable for 
all u and for all objects b over U. In elementary terms, g has a left adjoint if and only 
if there is an object f b of A and a 2-cell ‘1: I,, + B(b, gf 6) such that composition with 
y induces an isomorphism of l-cells A(fb,a) + B(b,ga) for all a. 
Definition 2.5. A W-category A has tensors if for any arrow x: u- v in W and for 
any a E A,, the W-hmctor WU(x,A(a, -)) : A -+ W” is representable with representing 
object x @ a. If W is lfp, we say A has jinite tensors if it has tensors for all arrows 
x:u-+v in W,. 
It follows from a W-enriched version of the Yoneda lemma [2] and W-naturality that 
- @ ? can uniquely be made into a functor from W(u, v) x A, into A, natural in x. 
Denote the full subcategory of W-Cat determined by W-categories with finite tensors 
by W-Cat@, . We denote by Lax( Wf, Cat) the 2-category of pseudo-functors from W/ 
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to Cat, lax natural transformations, and modifications. There is a 2-functor 
Kf : W-Cat,, + Lax( WY, Cat), 
with (KfA)u=A,, (J$A)x=x@ - :A, --+A,, and the other data given by Yoneda. 
Theorem 2.6. Kj- : W-Cat,, -+ Lax( Wf, Cat) is a fully faithful 2-functor. 
Proof. By Theorem 3.4 of [2]. 0 
Theorem 2.7. If A is jnitely tensored and A, has and x 63 - : A,, -+ A, preserves all 
small colimits for all x : u -+ v in Wf, then A is tensored. 
Proof. By Corollary 3.9 of [2]. 0 
Let Rex denote the 2-category of small categories with finite colimits, finite colimit- 
preserving functors, and natural transformations; let Lfp denote the 2-category of locally 
finitely presentable categories, functors with finitary right adjoints, and natural trans- 
formations; and let Filt denote the 2-category of locally small categories with filtered 
colimits, finitary functors, and natural transformations. 
Definition 2.8. If W is an lfp bicategory, a W-category A with finite tensors is 
(1) finitely cocomplete if KfA factors through Rex; 
(2) locally jinitely presentable if KfA factors through Lfp; 
(3) jiltered cocomplete if KfA factors through Filt. 
Given lfp A, the full sub-W-category of A determined by the finitely presentable 
objects in each A,, is denoted by AI. Af is closed under finite tensors in A. 
A W-fimctor f preserves finite colimits if it preserves finite tensors and each fU 
preserves finite colimits, and it preserves jiltered colimits if each fU does. This yields, 
by analogy with Rex and Lfp, sub-2-categories W-Rex and W-L@ of W-Cat, where a 
l-cell in W-Lfp is a W-functor with finitary right adjoint. 
Theorem 2.9. If W is an Ifp bicategory, W-Rex is biequivalent to W-Lfp. 
Proof. This is Theorem 4.3 of [2]. The construction is given by using Theorem 2.6 
to move from finitely tensored W-categories to Lax( Wf, Cat), then applying ordinary 
Gabriel-Ulmer duality pointwise. 0 
There is too, in [2, Theorem 4.51, an extension of a result associated to Gabriel- 
Ulmer duality. 
Theorem 2.10. If A is an Ifp W-category and B is jiltered cocomplete, then the in- 
clusion of Af in A induces an equivalence 
W-CaTt(A, B) N W-Cat(Af, B), 
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where W-Catf(A, B) denotes the full subcategory of W-Cat(A, B) determined by those 
W-functors that preserve filtered colimits. 
3. The constructions PA and Pt A 
At present there seems to be no reasonable definition of a functor W-category for 
arbitrary W-categories A and B. However, there is a W-category PA that plays the role 
of [A”P, Set] for ordinary categories. There is a Yoneda embedding y : A 4 PA and a 
Yoneda lemma in Street’s [12]. These form a Yoneda structure in the sense of Street 
and Walters [13]. Here, we give mildly different but equivalent formulations of Street’s 
PA and Pt A, and we obtain a different but equivalent formulation of his definition of 
cocompleteness of a W-category. These equivalences are modulo changes in direction 
induced by the difference in our definition of W-category. 
Let W be biclosed such that for all U, v in Ob W, W(u, v) has all small limits. We 
say a W-category A is small if, up to equivalence of W-categories, ObA is a small set. 
Given a small W-category A, define a W-category PW A as follows: an object of Pw A 
over u is a W“P-fi.mctor from A’P to ’ W. Given h : A“P ---f ’ W and k : A’P + I’ W, define 




ha!ka A (A(a,a’)!ha)!(A(a,a’)!ka) A ha’!(A(u,a’)!ku), 
where the left arrow is defined by the property of ! and the other two are defined by 
mnctoriality of h and k. Composition in Pw A is evident. 
The limiting condition may be re-expressed by noting that to give a cone over the 
diagram is to give z : u + v together with a family of 2-cells (z @ha + ku),,obA such 
that 
z@hu’@A(u,u’) A ku’@A(u,u’) 
commutes, where the vertical arrows are given by the action of h and k on horns. 
It is routine to verify that Pw v is W”. 
Given biclosed locally complete W, W OP is also biclosed and locally complete. So 
we can define Pwop , taking a small W’P-category A to a W’p-category PwOp A. Now, 
given a small W-category A, we define the W’P-category Pt A to be Pwop (A”P). 
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Henceforth, we will drop the subscript when we speak of PA, as we will only study 
a single W and will simply consider the W-category PA and the W’P-category Pt A. 
Dually to the above, Pt u is OW’; and in general, Pt A and (PA)Op are different as 
they have different objects. 
One may describe Pt A directly as follows: an object of Pt A over u is a W-functor 
from A to W”, and given h : A + W” and k : A + W”, (Pt A)(h, k) is the limit as a and 
a’ run over all objects of A of the diagram 
hamka 
ha’ f/l ka’ A(A(a, a’) m ha’) fh (A(a, a’) dl ka’)A ham (A(a,‘La’) rf~ ka’). 
At first sight our definitions of PA and Pt A do not agree with those of Street, 
but they are in fact equivalent: it is almost by definition true that a module from 
u to A is, modulo duality, a W’p-functor from A’P to ‘W. The horns are defined to 
agree. 
There is an evident W-functor y : A + PA, a H A( -, a) : A”P --f ’ W. It is routine to 
verify that y is fully faithful, and Street exhibits a W-enriched Yoneda lemma [12]. 
The notion of small W-category is inadequate for our purposes in studying Gabriel- 
Ulmer duality for W-categories because, if Ob W is large, there exist no small nonempty 
A with finite tensors! If A has finite tensors, given a E A,,, each W(u, v) has a terminal 
object; so there exists a, E A, for each u in Ob W, hence a large set of objects of A. So 
we say a W-category A is pointwise small if A, is small, for all u E Ob W. Evidently, if 
A is small, it is pointwise small. If W is small, then the converse is also true. However, 
that is not the case for many W such as SpanE. 
For pointwise small A, the limit in the definition of PA need not be defined. However, 
for lfp W, supposing A has finite tensors, we can define a W-category FC(PA) whose 
objects over u are the finite cotensor preserving W’P-mnctors from A’P to ‘W, and 
which for many purposes can play the role of PA. Indeed, if A is small, FC(PA) 
is the full sub- W-category of PA determined by the finite cotensor preserving W“P- 
hmctors. Given pointwise small A with finite tensors and finite cotensor preserving 
h : A’P -+ ’ W and k : A”P -+ ” W, we define FC(PA)(h, k) by the limit in W(u, v) over 
all a and a’ in A of u 
ha’! ka’ 
ha!ka - (A(a, a’)!ha)!(A(a, a’)!ka) A ha’!(A(a, a)!ka). 
That the two definitions agree in the case of A small is given by 
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Proposition 3.1. For small A, jinite cotensor preserving h : AoP -+ ’ W, and any 
k : A’P + c‘ W, (PA)(h, k) is the limit as a and a’ run over A, of 
ha’!ka’ 
ha!ka A (A(a,a’)!ha)!(A(a,a’)!ka) A ha’!(A(a, a’)!ka). 
Proof. Given a over w and x : w + u, h(x @a) = x!ha : u + u. Now, apply the dual of 
Corollary 2.4 to see that to give z + ha!ka is to give a family 
z + (x!ha)!(x!ka) natural in x E W(w,u)f. 
But we already have this by the definition, the universal map k(x 8 a) +x!ka, and 
since h(x @ a) = x!ha. This shows that a cone over the displayed diagram yields a cone 
over the diagram for (P A)(h, k), and so the limits agree. 0 
So, in order to stay in W-categories, we replace PA as used for one object symmetric 
W by FC(PA). 
Proposition 3.2. To give a jinite cotensor preserving WoP-functor h : A’P + ’ W is to 
give a jinite cotensor preserving W(u, u)-functor k : A’p/u -+ W(u, u), where A/u is the 
evident enrichment of A,,. 
Proof. Given k : A’P/u--+ W(u, u), extend it to h : A’P hU W by the dual of 
Proposition 2.3: ha is determined by the family x!ha = h(x @ a) = k(x @a) for appro- 
priate x. 0 
Corollary 3.3. FC(P A)/u N FC(P (A/u)). 
4. Completeness and cocompleteness 
Call a W-functor f : D -+ WU a weight if D is small. Given a weight f : D -+ W” 
and a W-functor g : D + A, we say A has an f-weighted limit of g if the W’P-functor 
(Pt D)( f, A(-, g)) : A“!’ + ’ W is representable; i.e., if there exists an object lim(f,g) 
of A over u and a W-natural ;1: f --) A(lim( f ,g), g) which induces an isomorphism 
(necessarily War-natural in a) 
A(a, lim(f,g)) ” (Pt D)(f ,A(a,g)). 
A W-category is complete if it has all f-weighted limits of g for all W-functors g 
and all weights f. 
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Dually, a W-category A is cocomplete if the W’P-category A”P is complete. One 
must exercise a little care, as to give a weight f : D --+ W” is not the same as to give 
a weight f : D”P -+ ’ W for a weighted colimit, as ‘W is not (W“)oP in general. 
However, one can rephrase the dual as follows: define a coweight to be a small 
D and a War-functor f : D”P 4 “W. Given g : D 4 A, an f-weighted colimit of g is a 
representing object colim( f, g) yielding 
A(colim(f, s),a)” (PD)(f ,A(g,a)) 
for all objects a of A. 
Street’s definition of cocompleteness in terms of modules [12, p. 2731 is different 
from ours, but he proves [ 12, p. 2741 the two definitions equivalent. He also proves that 
for small A, the Yoneda embedding y : A --) PA exhibits PA as the free cocompletion 
of A, so there is an equivalence of categories 
W-Cat(A, B) N W-Cocts(P A, B) N Ladj(P A, B), 
where B is cocomplete and Ladj(P A, B) denotes the category of W-functors from PA 
to B with right adjoints. The equivalence is given by restriction and the functor taking 
g to colim(-, g). 
We now consider some special limits. If D = u, an object of W, then PD = W”. 
To give a coweight f : DOP + ’ W is to give an arrow x : u --f v in W, and to give a 
W-functor g : D --) A is to give an object a of A over U. The colimiting property is 
precisely the tensor property of Definition 2.5. So a W-category A has tensors if and 
only if A has all weighted colimits with D = u for an object u of W. The dual of a 
tensor is a cotensor. 
We now define a conical limit for a W-category and prove that a W-category is 
complete if and only if it has cotensors and conical limits. For this, let DO be an 
ordinary small category and let u be an object of W. Assume W(u, u) has copowers. 
Then one has a W-category D whose objects are the objects of DO, and all lie over 
U. D(d, d’) = Do(d, d’) l I,, the copower of Do(d,d’) copies of Z,. So, D is the free 
W(u,u)-category on DO, and 
[DO, W(u, u)] ” W-Cat(D, W’). 
A conical weight is a weight determined by such a DO together with the constant 
functor at Z,. 
Observe that if W is one-object symmetric, this agrees with the definition in [6]. 
Observe also that if A has conical limits, then each ordinary category A, does too, and 
cotensoring preserves them, i.e., x m - preserves conical limits. 
Theorem 4.1. If W is biclosed and locally complete, a W-category is complete pre- 
cisely when it has conical limits and cotensors. A W-functor between complete 
W-categories preserves limits precisely when it preserves conical limits and 
cotensors. 
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Proof. Given f : D + W” and g : D + A with D small, consider 
Wf, .4) + 
n fd m gd “choose dam; 
n fdh(W,O+ gd'), 
dEObD “choose d,d’EObD 
This is an equalizer of a product of cotensors, hence constructed from conical limits 
and cotensors. It is routine to verify the universal property by homming in and using 
the enriched property of the conical limits (cf. [6, Theorem 3.731). n 
Roughly speaking, cotensoring with each fd brings all objects to lie over U; then 
one takes the conical limit in A,. Note that cotensoring agrees with the operation in W. 
Dualizing, we have 
Corollary 4.2. If W is biclosed and locally complete, a W-category A is cocomplete 
if and only if A is tensored and has conical colimits. A W-jiinctor between cocomplete 
W-categories i  cocontinuous if and only if it preserves tensors and conical colimits. 
Define a W-category A to have jltered colimits if it admits conical colimits for 
all filtered Do. It is routine to check that if A has filtered colimits then each A, has 
filtered colimits, and if A admits a tensor x I$$ -, then x @ - : A, ---f A, preserves them. 
The converse is also true: filtered colimits in each A, specify filtered colimits in A, 
and the tensor condition together with Yoneda imply the enriched universal property. 
Consequently, if W is Ifp and A is finitely tensored, it follows that this definition agrees 
with Definition 2.8(3). 
It is routine to verify that if A has conical limits and T is a small W-category, then 
W-Cat( T,A) is a complete category with limits given pointwise. 
It is shown in [12] that PA and (Pt A)OP are cocomplete W-categories. Moreover, a 
reflective sub-W-category of a complete W-category is complete, and of a cocomplete 
W-category is cocomplete. 
For the rest of this section, we assume that W is lfp. In fact, for the rest of the paper, 
that assumption is implicit whenever we refer to finitely presentable W-categories, finite 
weights, or finite limits, as we need locally finite presentability of W to define these 
concepts. 
Definition 4.3. Call a weight f : D -+ W” finite if 
(1) Ob D is finite; 
(2) D(d,d’) is finitely presentable for all d and d’; 
(3) f d is finitely presentable for all d. 
This definition in the symmetric one-object case agrees with that of [5]. Moreover, 
this definition makes colimits given by finite weights with D = u exactly finite tensors 
as in Definition 2.5. 
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We say that a W-category A is finitely complete if A has all limits with finite weights. 
It is routinely verified that the proof of Theorem 4.1 may be adapted to incorporate 
finiteness giving 
Theorem 4.4. A W-category has jinite limits if and only if it has Jinite cotensors and 
jinite conical limits. A W-functor between W-categories with _/mite limits preserves 
finite limits ij” and only if it preserves finite cotensors and jinite conical limits. 
Theorem 4.5. A W-category A with finite cotensors has (jnite) conical limits exactly 
when each A, has, and each x k - : A, --f A, preserves, (Jinite) conical limits. 
Proof. As for filtered colimits. 0 
It follows from the duals of Theorems 4.4 and 4.5 that the above definition of finite 
cocompleteness of a W-category agrees with Definition 2.8( 1). 
Corollary 4.6. A W-category is cocomplete if and only if it has jinite tensors and all 
conical colimits. 
Proof. This follows from Theorems 2.9 and 4.5. 0 
If A is finitely tensored, then each x @ - : A, + A,, has a right adjoint exactly when 
A is finitely cotensored: the right adjoint is x k -. It follows that a W-category A is lfp 
in the sense of Definition 2.8(2) if and only if it is cocomplete and finitely cotensored, 
with xm - preserving filtered colimits and with each A, lfp. 
It is also easy to verify that (Pt D)(f,g) = lim(f,g), and so Pt D is complete. More- 
over, A(a, -) preserves all limits, essentially by the definition of limit. 
Finally, we mention that if f : D”P -+ ‘W and g : D + W”, then colim(f, g) 2 
colim(g, f). 
5. Flatness 
We assume for the rest of the paper that W is lfp. 
In this section, we define flatness and exhibit its relationship with preservation of 
finite limits. To define flatness, we need Ob W small. However, we can still use that 
case to prove results we need for non-small Ob W. 
Definition 5.1. For small Ob W and a small W-category T with finite tensors, a W”P- 
fimctor f : Top +’ W is flat if 
colim(f,-):P T+“W t 
preserves finite limits. 
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Proposition 5.2. Every flat f : Top + ‘W preserves any jinite limits in Top. 
Proof. Given a finite weight h : D + ’ W and g : D 4 Top for which lim(h,g) exists, the 
composite colim(f, -).y : Top + ’ W preserves finite limits, and so colim(f, y lim(h, g)) 
Z lim(h, colim(f, yg)). But by Yoneda, colim(f, yg) Z fg. Applying this to both sides 
gives the result. 0 
Proposition 5.3. Representables are jut, and so is any filtered colimit in P T of ,flat 
funct0r.s. 
Proof. colim( T( -, t), -) is isomorphic to evaluation, which preserves limits as they are 
given pointwise. The second statement follows since filtered colimits in P T are given 
pointwise, so commute with finite limits, and since colim(-, y) preserves colimits. q 
In fact, for any lfp and finitely complete A, and a filtered colimit of representables, 
colim(f, -) : W-Cat( Top, A) --+A, preserves finite limits. 
Given an arbitrary f : Top 4 ’ W with T pointwise small, composing ,fu : Tip ---f 
W(u,u) with W(u,u)(Z,, -) is an ordinary functor, W, : Tfp + Set. The comma cat- 
egory l/Wfu has objects pairs (t, a) with t E T, and a E ( W,<, )t, and is called the cat- 
egory, el( Wfu), of elements of W,. Since a map T(-, t) --f f from a representable 
to f corresponds by Yoneda to an element a E W,“t, we have a canonical cocone 
P([,~) : T(-, t) + f in W’p-Cat(T ‘P ‘W) with base the ordinary functor , 
el( Wt;, lop 5 T, 3 W’P-Cat( Top,’ W), 
where d is the projection sending (&a) to t, and this cocone induces a canonical map 
p : colim(y,d’P) + f. 
Proposition 5.4. For Ifp W and pointwise small T, if Top has and f : Top +’ W pre- 
serves -finite cotensors, then if FV, is flat, the canonical cocone is a colimiting cocone 
in FC(P T), expressing f as a jiltered colimit of representables in FC(P T). 
Proof. Since filtered colimits in FC(P T) are given pointwise, we need only show that 
~l(~,~,~) : T(s, t) -+ fs IS, for each s E T, a colimit cone in ” W, for which it suffices to 
show that it is a colimit cone in W(v,u). Since W(v,u) is If& it suffices to show that 
W(v, u>(x, T(s, t)) 4 @‘Co, u)(x, fs) 
is a colimit cone in Set for each x E W(v, a). But for each such x 
while 
W(v,u)(x, fs)” w(u,u)(1,,x!fs) 
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which, since f sends x @ - to x!-, is isomorphic to W’U(x 8 s). Writing Y for x @ s, 
we are reduced to proving TU(r, t) -+ (W,)r is a colimit in Set. This is true by the 
classical case, since IV’ is an ordinary flat functor into Set. 0 
Theorem 5.5. Suppose f : Top + ’ W preserves finite cotensors, with pointwise small 
T finitely cocomplete. Then the following are equivalent; and tf Ob W is small, are 
equivalent o jlatness off : 
(1) f preserves Jinite limits; 
(2) the canonical cocone ,u(t,a) : T(-, t)+ f expresses f as a jiltered colimit of 
representables in FC(P T); 
(3) f is a jiltered colimit of representables; 
(4) f lies in the closure of T -+ FC(P T) under jiltered colimits. 
Proof. If f preserves finite limits, so does each fU, hence so does each WI”; so WtU 
is flat by the result for ordinary functors [5, (4.7) and (6.8)]. So (1) +(2), by Propo- 
sition 5.4. (2)+(3) and (3)+(4) are trivial, and (4) +(l) since finite limits and 
filtered colimits are given pointwise in FC(P T). If Ob W is small, (4) implies f is 
flat by Proposition 5.3, and flatness implies (1) by Proposition 5.2. 0 
For pointwise small finitely cocomplete T, let Lex(P T) denote the full sub-W- 
category of FC(P T) determined by the W ‘P functors that preserve finite limits. 
Corollary 5.6. If Ob W is small, S and T are small and finitely cocomplete, 
and h : S + T preserves jinite colimits, then Lex(h) : Lex(P T) + Lex(PS) has a left 
adjoint. 
Proof. P h : P T + PS has a left adjoint given by left Kan extension, sending f to 
colim(T(-, h), f ), which is the composite of T(-, h) : Top + Pt S and colim(-, f ). 
The former preserves finite limits trivially, and the latter does whenever f preserves 
finite limits, by Theorem 5.5 and duality. So the left adjoint restricts to an adjunction 
between Lex(PS) and Lex(P T). 0 
It will follow later that the condition on W in this result may be dropped, and that 
S and T need only be pointwise small and finitely cocomplete. 
Theorem 5.7. For pointwise small T with Jinite tensors, FC(P T) is the free cocom- 
pletion of T that respects the jinite tensors in T. 
Proof. The only part that is not routine is to prove that FC(P T) is cocomplete. But 
by Corollary 3.3, for each U, FC(P T)/u =FC(P(T/u)), and T/u is a small W(u,u)- 
category. Now FC(P (T/u)) is a full sub- W(u, u)-category of P (T/u). By Freyd’s adjoint 
functor theorem, the underlying functor of the inclusion has a left adjoint. This adjoint 
enriches by [2, Theorem 3.71 applied to the tensored W(u, u)oP-categories FC(P (T/u))“P 
and P (T/u)oP. So FC(P (T/u)) is reflective in P (T/u), hence cocomplete. 
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By Corollary 4.6, it remains to show that FC(P T) has finite tensors and each 
x @ - preserves conical colimits. Since FC(P T) is cotensored, it suffices to prove that 
xm - : FC(P T), + FC(P T)u has a left adjoint. But this is true since _~m - preserves 
conical limits and filtered colimits, and by Gabriel-Ulmer for ordinary categories: the 
representables form a strong generator of finitely presentable objects by Yoneda and 
since the representables are closed in FC(P T), under finite tensors. 
To complete the theorem, given finite tensor preserving y : T + A, there is an ad- 
junction given by colim(-,g) i A(g, -). 0 
Corollary 5.6 can be extended to small T with no size condition on W by observing 
that Corollary 3.3 restricts to Lex(P T)/u ss Lex(P (T/u)) for finitely cocomplete T, and 
by emulating the proof of 5.7. This shows Lex(P T) is cocomplete, hence reflective in 
FC(P T); from which the result follows. 
6. Locally finitely presentable W-categories 
Recall that we assume here that W is lfp. 
Our goal in this section is to give an intrinsic definition of a lfp W-category, prove 
that the definition agrees with Definition 2.8(2), and show that the Gabriel-Ulmer 
biequivalence of Theorem 2.9 may be re-expressed directly in terms of W-categories in 
the usual form of A H Af, the full sub-W-category of finitely presentable objects, with 
inverse T H Lex(P T), the full sub-W-category of P T consisting of those W’p-functors 
that preserve finite limits. We will further deduce related results from Theorems 2.6 
and 2.9. All of our results extend from “finite” to “a-a@‘, but we restrict to the finite 
case for convenience. 
Definition 6.1. An object a of A is jinitely presentable if A(a, -) : A -+ W” preserves 
filtered colimits. 
Observe that if x m - exists and preserves filtered colimits for each finitely pre- 
sentable x, then a is finitely presentable precisely when A(a, -) : A, + W(u, u) preserves 
filtered colimits. 
We denote the full sub-W-category of A determined by the finitely presentable objects 
of A by Af. Observe that Af is closed in A under finite tensors. 
Definition 6.2. A pointwise small full sub-W-category G of a W-category A with in- 
clusion j : G + A is called strongly generating if G is closed under finite tensors in A 
and for any f :a-+b in A,, if A(g, f) : A(g, a) + A(g, b) is an isomorphism for every 
g in G,, then f is an isomorphism. 
Observe that this does not exactly generalize the usual definition for symmetric 
one-object W. The reason is size: if Ob W is large, then closing a pointwise small 
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W-category under finite tensors may give a W-category that is not pointwise small; but 
we will need that fact, so we assert closure under finite tensors. 
Note also that Proposition 3.1 shows that if one replaces “g in G,” in the definition 
by “g in G”, the new definition would be equipotent with this one. 
A W-functor is called conservative if it reflects isomorphisms. 
Proposition 6.3. For a cocomplete W-category A, the following are equivalent: 
(1) A has a strong generator G c AI; 
(2) there is a pointwise small W-category 6 with jinite tensors and a W-functor 
j : C? --) A that preserves finite tensors, such that 
J:A-+FC(PG):a+-+A(j-,a) 
is conservative, with j(G) c AI; 
(3) there is pointwise small 6 with finite tensors and a jinitary conservative W- 
finctor h :A--tFC(PG) which has a left adjoint. 
Proof. (1) + (2): Trivial. 
(2) + (1): Let G be the full image of j in A. 
(2) ~(3): Since FC(PG) is the free cocompletion of G that respects the finite 
tensors in G, there is an equivalence between functors j: G ---) A that preserve finite 
tensors and right adjoints h : A + FC(P G) given by h = 7. j is strongly generating when 
h is conservative. Further, since filtered colimits in FC(P 6) are formed pointwise, ? 
is finitary precisely when j(G) c At. 0 
It follows from Theorem 3.1 that if Ob W is small, this is equivalent to the existence 
of small G and j : c + A factoring through A,t with J : A ---) P G conservative. 
Definition 6.4. We shall call a W-category A locally jinitely presentable (or lfp) when 
it is cocomplete and satisfies the equivalent conditions of Proposition 6.3. 
Corollary 6.5. If B is a full rejective sub- W-category of Ifp A with jinitary inclusion, 
then B is Ifp. 
Definition 6.6. A pointwise small full sub- W-category G of A, with inclusion j : G + A, 
that is closed under finite tensors in A is called dense if j”: A --) FC(P G) is fully faithful. 
Again, observe that by Theorem 3.1, if Ob W is small, this is equivalent to demand- 
ing J: A + P G be fully faithful. 
Proposition 6.7. Let fully faithful j : A + B have left adjoint Y, where B (and hence 
A) has filtered colimits. Then j is finitary tf and only if jr is jinitary. 
Proof. Let colim g be a filtered colimit in A. Then 
colim jg g colim jrjg 2 jr colim jg 5% j colim rjg % j colim g. 0 
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Example 6.8. The following are examples of fp objects : 
(1) L E w”; 
(2) if x E W, and y E A,-, then x @ g is fp; 
(3) for any pointwise-small W-category T with finite tensors, T( -, t) is fp in FC(P T). 
So FC(P r) is lfp. If T is small, P T is lfp. 
Proposition 6.9. Zf r i j : A + B und j is jinitary, then r(Bf) c A.f. 
Proof. Routine. 0 
Proposition 6.10. Let A be lfp and finitely complete. Then 
(1) .X m - preserves jiltered colimits for all x in Wf; 
(2) a jinite limit of finitary W-functors into A is $nitary. 
Proof. (1) Example 6.8(3) and the existence of G c Af strongly generating show that 
colim(x ft? g ) -+x m colim g is an isomorphism. 
(2) Since A(g, -) preserves filtered colimits and all limits for g in G c Al, and G 
strongly generates, it suffices to prove the result for W” for all U; but that follows 
because it is true for each W(u, v), since the W(u, v) are all lfp. q 
Observe that if A is lfp and finitely complete, then a pointwise filtered colimit of 
finite limit preserving functors into A preserves finite limits. 
Proposition 6.11. For any cocomplete A, Af is closed under jinite colimits. 
Proof. Since the W“P-functor A( -, a) sends colimits in A to limits in ’ W, this follows 
from the case A = ’ W of Proposition 6.10. 0 
It is easy to verify 
Lemma 6.12. (1) Given g in cocomplete A, g is fp in A if and only $x @ g is jb in 
A, for all x E Wf. 
(2) Wf(& v) = (W;!)P 
(3) Afu c A,, for all cocomplete W-categories A. 
Proposition 6.13. The closure under jinite colimits of a pointwise small full sub- 
W-category G that is already closed under jinite tensors in a jinitely cocomplete 
W-category A is pointwise small. 
Proof. The set of finite shapes is small. So, inductively closing G, in A,, under finite 
conical colimits requires countably many steps, and at each step the W-category remains 
pointwise small. Since tensors commute with colimits, the result is automatically closed 
under finite tensors. q 
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Theorem 6.14. Let A be Ifp, G CAY a strong generator of A, with z :Af +A the 
inclusion. Then 
(1) Af is the closure of G in A under finite colimits, and Af is pointwise small 
and finitely cocomplete; 
(2) for all a in A, the maps g : g + a with g in Af express a as a filtered colimit 
in A of 
z,d : z,/a -+ A,, (ea = u), 
where d : z,/a + AfU is the projection from the comma category; 
(3) the colimits in (2) are preserved by z” and present Af as a dense sub- W-category 
ofA; 
(4) z” :A --+ FC(PAf) is finitary with left adjoint colim(-,z); 
(5) A is complete; 
(6) the replete image of 2 is Lex(PAf), so z” induces an equivalence A pv Lex(PAf). 
Proof. Let G be the closure of G in A under finite colimits. It is pointwise small 
by Proposition 6.13 and contained in Af by Proposition 6.11. Let j : G --f A be the 
inclusion. Since G is a strong generator, so is G > G, so 7: A+FC(PG) is finitary 
and conservative with left adjoint given by colim(-, j). For any a E A, let /? denote the 
canonical cocone consisting of all maps y : g + a with g E G, so /& = y. The indexing 
category j,/a of this cocone is filtered, since G, is trivially closed under finite conical 
colimits in A,,. The image y/? has, since Tj = y, components h : G( -, g) -:a and is 
the canonical cocone p for the IV’-‘!‘-functor :a : cop + ’ W; for the maps G( -, g) +;a 
correspond by Yoneda to elements of IVya)Ug =AY(g,a). But since j and A(-,a) : 
A”p+” W preserve finite limits, :a = A( j-, a) is a finite limit preserving VP-functor 
Go’ + ’ W. So Tp = u is a colimit cone, by Theorem 6.5. But the conservative and 
finitary 7 reflects filtered colimits, so p is already a colimit cone in A. If a E Af, it 
follows from ordinary category theory that some y : g + a with g E G (see [5, (2.12)]) 
is a retraction, say yz = 1. So y is the coequalizer of I, ty : g + g and, since G is closed 
under finite colimits, a belongs to G. So we may conclude that G = Af and j is z. This 
proves (1) and (2). We have seen that the colimit of b is preserved by z”. One can use 
Proposition 6.10( 1) and the definition of the colimit of (2) to deduce that z” is fully 
faithful, so At- is dense in A and hence we have (3). We now have (4), and (5) too, 
because A is reflective in the complete FC(P(Af)). As for (6), we already know that 
z”a preserves finite limits. 
Suppose h : A,$ +’ W preserves finite limits. Then, by Theorem 5.5, h is a filtered 
colimit of representables in FC(P(Af)). But the representables lie in the replete image 
of z”, since Zz 2 y; and this image is closed under filtered colimits in FC(PAf) by 
finitariness of 2. 0 
Corollary 6.15. The following are equivalent properties of a cocomplete W-cate- 
gory A: 
(1) A VP; 
(2) Af dense; 
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(3) Af stongly generating; 
(4) A a full reflective sub-W-category of some FC(P T) with T pointwise small 
with jinite tensors and with the inclusion A + FC(P T) jinitary. (Here, cocom- 
pleteness of A is automatic.) 
Proposition 6.16. Jf’ A is Ifp so is A,; and A Ut = AfU. Conversely, a cocomplete A is 
lfp tf A, is lfp for all u and x m - exists and preserves filtered colimits for all finitely 
presentable x. 
Proof. When A is lfp, A, is cocomplete since A is, by Corollary 4.2. Moreover, each 
a E A, is, by Theorem 6.14, a filtered colimit in A, of objects g E AfU; and these colimits 
are preserved by the A,(g, -) with g E AfU since AIU c A,f. So, as in the proof of 
Theorem 6.14, AIU is dense, so strongly generating, in A,; so A, is lfp. By Theorem 6.14 
again, A,t is the closure of AIU in A, under finite colimits; but this is AIU, since 
A,tU is closed under finite colimits, by Theorem 6.14. Conversely, if A,, is lfp and A 
cocomplete, each a E A is a filtered colimit in A,, hence in A, of objects g E A,f . Since 
x m - preserves filtered colimits for all x in the W(u, v)I, A,I c AtU, and so this colimit 
is preserved by A(g, -) with g E A,f. Again as in Theorem 6.14, the full subcategory 
of A determined by the objects in A,f is dense in A, and it is contained in Af, whence 
A is lfp. 0 
It follows from Proposition 6.16 that our definition of locally finitely presentable W- 
category agrees with Definition 2.8(2), and our construction A HAY agrees with that 
of Theorem 2.9. So, together with the construction T H Lex(P T) we have the biequiv- 
alence W-Rex N W-L@ of Theorem 2.9, between pointwise small finitely cocomplete 
W-categories and locally finitely presentable W-categories. 
For completeness, we mention the following results, that follow by routine analysis 
of our definitions here, or alternatively, via the analysis of [2]: 
Theorem 6.17. If A is lfp, u : A + B has a right adjoint if and only if it is cocontin- 
uous. 
Proof. Assuming B has finite tensors, it follows by embedding W-Cat into Lax( Wt , 
Cat) as in Theorem 2.6. One may deduce the result for arbitrary B by considering the 
composite of u with q : B -+ B, the free finite tensor completion of B. 0 
Theorem 6.18. If A and B are Ifp, then a W-functor u: A 4 B has a left adjoint if 
and only if it is continuous and has a rank. 
Proof. Either via Theorem 2.6 as in the second proof of Theorem 6.17, or directly, 
modifying the proof for one-object symmetric W in [5, p. 271. 0 
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